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Light exotic hadrons

Light scalar mesons (0⁺⁺) don’t fit into the conventional meson spectrum:

Exotic quantum numbers: 1⁻⁺, . . .
→ Hybrids? 𝜋₁(1400), 𝜋₁(1600)

Overpopulation of multiplets,
unconventional properties
→ Glueballs? 𝑓₀(1??0)

→ Four-quark states? 𝜎, 𝜅, 𝑎₀, 𝑓₀ , . . .

What does “exotic” mean for light hadrons?
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Meyer, Swanson,  Prog. Part. Nucl. Phys. 82 (2015), 1502.07276  [hep-ph]

Gernot Eichmann (LIP Lisboa) Sept 30, 2020 1 / 15



Light exotic mesons

Light scalar mesons (0⁺⁺) don’t fit into the conventional meson spectrum:

Light meson 
spectrum
 

(PDG 2020)

Ideal 
mixing:
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Light scalar mesons

𝜎/𝑓�(500) is a resonance in 𝜋𝜋 scattering:

Pole locations from lattice QCD

Dispersive analyses:
�𝑠 ~ 450(20) � i 275(10) MeV

PDG 2012: “𝑓�(500)”
�𝑠 ~ (400...550) � i (200...350) MeV

PDG 2010: “𝑓�(600)”
�𝑠 ~ (400...1200) � i (250...500) MeV

Caprini, Colangelo, Leutwyler 2006
Garcia-Martin, Kaminski, Pelaez, Ruiz de Elvira 2011
Moussallam 2011
Masjuan, Ruiz de Elvira, Sanz-Cillero 2014
Pelaez 2016

Briceno, Dudek, Edwards, Wilson,  PRL 118 (2017), 
PRD 97 (2018)

= +   . . .
𝜎

Pelaez,  Phys. Rept. 658 (2016) 1
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Light scalar mesons
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Light scalar (0⁺⁺) mesons  don’t fit into the conventional meson spectrum: 

Why are 𝑎₀, 𝑓₀ mass-degenerate?

Why are their decay widths so different?
     

Why are they so light?
Scalar mesons ~ p-waves, should have 
masses similar to axialvector & tensor mesons ~ 1.3 GeV 

𝛤(𝜎, 𝜅) ≈ 550 MeV
𝛤(𝑎₀, 𝑓₀) ≈ 50‒100 MeV 
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Light scalar mesons
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What if they were tetraquarks (diquark-antidiquark)?  Ja�e 1977,   Close, Tornqvist 2002,  Maiani, Polosa, Riquer 2004

𝜎
𝜅
𝑎₀
𝑓₀ ( 980 MeV )

( 500 MeV )

( 800 MeV )

( 980 MeV )
𝑢𝑠𝑢𝑠, ...

𝑢𝑠𝑢𝑑, ...
𝑢𝑑𝑢𝑑 

�

Explains mass ordering & decay widths:
𝑓₀ and 𝑎₀ couple to KK, large widths for 𝜎, 𝜅 

     

𝜋⁻

𝜎

𝜋⁺

Alternative: meson molecules? 
Weinstein, Isgur 1982, 1990;  Close, Isgur, Kumano 1993

 
Non-qq nature of 𝜎 supported by
dispersive analyses, unitarized ChPT, large Nc,
extended linear 𝜎 model, quark models
 Pelaez, Phys. Rept. 658 (2016)
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Functional methods

Ingredients: QCD’s n-point functions,
Satisfy Dyson-Schwinger equations (DSEs):
QCD’s quantum eqs. of motion

Hadronic bound-state equations
(BSEs, Faddeev eqs, ... )

Structure calculations: form factors, PDFs, GPDs, 
two-photon processes, ...

→ running quark mass
...

“QFT analogue of Schrödinger eq.”

-1
=

-1
+

-1 -1
=

+

+

+

+

++
→ spectroscopy calculations

Christian S. Fischer (University of Gießen) Baryon spectra and properties / 27  

Many running quantities go into calculation of observables

Running quark mass ?  -  Running QCD !

 8

++= +

Eichmann, Sanchis-Alepuz, Williams, Alkofer, CF, PPNP 91, 1-100 [1606.09602] 
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f
=2+1)

DSE: quenched

DSE: unquenched (N
f
=2)

gluon quark quark-gluon vertex

Cloet, Roberts and Thomas, PRL 111 (2013) 101803

  

+

→  hadron masses & “wave functions”
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Baryons

Covariant 3-quark Faddeev equation for baryons
so far mostly

rainbow-ladder

+  ++

++= +

Lorentz-invariant
dressing functions

Dirac-Lorentz
tensors: 64 (128)
for spin 1/2 (3/2)

Keep full structure of baryon’s 
Faddeev amplitude:
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Maris,  Tandy, PRC 60 (1999),  
Qin et al., PRC 84 (2011)

Review:  GE, Sanchis-Alepuz, Williams, Alkofer, Fischer, 
                   Prog. Part. Nucl. Phys. 91 (2016), 1606.09602

Octet and decuplet spectra

Scale set by 𝑓� ,
shape parameter 
   → bands

Elastic and transition form factors

Heavy baryons

Similar results for quark-diquark,
describes excitation spectrum well

GE, PRD 84 (2011), Sanchis-Alepuz, Fischer, EPJA 52 (2016)

Sanchis-Alepuz, Fischer, PRD 90 (2014)

GE, Fischer, Sanchis-Alepuz, PRD 94 (2016)

Barabanov et al., 2008.07630 [hep-ph]

Qin, Roberts, Schmidt, PRD 97 (2018), FBS 60 (2019)

Diquark clustering in baryons?
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Baryons

Covariant 3-quark Faddeev equation for baryons
so far mostly

rainbow-ladder

+  ++

++= +

Lorentz-invariant
dressing functions

Dirac-Lorentz
tensors: 64 (128)
for spin 1/2 (3/2)

Keep full structure of baryon’s 
Faddeev amplitude:

𝑝�

𝑝�
𝑞

𝑝
𝑝�

𝑃

𝛼

𝛽 𝛿

𝛾

αβγδ)p, q, P(iτ)P·P, q·q, p·, p2, q2p(if
i

∑
) =p, q, P(αβγδΨ

[ ]

0.10.0 0.2 0.3 0.4 0.5

 [ ]

0.7

0.8

0.9

1.0

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

GE, Alkofer, Nicmorus, Krassnigg, PRL 104 (2010)

𝛼 (𝑘  )2
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Towards ab-initio

Include higher n-point functions (solve DSEs)
GE,  Williams, Alkofer, Vujinovic,  PRD 89 (2014), 
Williams, EPJA 51 (2015), Huber, PRD 101 (2020)

Gluon propagator:
DSE vs. lattice

Beyond rainbow-ladder calculations
improve light-meson spectrum
Williams, Fischer, Heupel,  PRD 93 (2016)
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Fruitful interplay between 
DSEs, FRG, lattice
Cyrol, Mitter, Pawlowski, Strodtho�,  PRD 97 (2018)
Oliveira, Silva, Skullerud, Sternbeck,  PRD 99 (2019)
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Resonances

Most hadrons are resonances and decay 
⇔ poles in complex momentum plane

Contour deformations as tool 
to go beyond thresholds

= +

BSE kernel must be aware of decay channels:
𝜌 meson becomes resonance

Solve BSE on 1st sheet using CDs,
extrapolate to 2nd sheet using Padé

Solve 4dim. (offshell) scattering equation 
directly, 2nd sheet comes for free

Williams, PLB 798 (2019), Miramontes, Sanchis-Alepuz, EPJA 55 (2019)

GE, Duarte, Peña, Stadler, PRD 100 (2019)
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Four-quark states

Light scalar mesons (𝜎, 𝜅, 𝑎₀, 𝑓₀) as four-quark states:
GE, Fischer, Heupel,  PLB 753 (2016)

Group momentum variables into multiplets of permutation group S4:
can switch off groups of variables without destroying symmetries
GE, Fischer, Heupel,  PRD 92 (2015)
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Four-quark states

Light scalar mesons (𝜎, 𝜅, 𝑎₀, 𝑓₀) as four-quark states:
GE, Fischer, Heupel,  PLB 753 (2016)

BSE dynamically generates meson poles in BS amplitude:

“Light scalar mesons” look like meson molecules,
diquark-antidiquark components almost negligible
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Lightness is inherited from pseudoscalar Goldstone bosons!
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Four-quark states

Two-body formulation: meson-meson / diquark-antidiquark,
follows from four-quark eq. (analogue of quark-diquark for baryons)

Include mixing with qq:
𝜋𝜋 still dominant

M

M

dq

dq

q

q

+

+

+

+

Heupel, GE, Fischer, PLB 718 (2012)

Interaction by 
quark exchange

System ‘wants’ to be
meson-meson-like
(no diagonal dq-dq term)

Similar results as in
4-quark approach:
𝑚� ~ 400 MeV, etc.
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Two-body formulation: meson-meson / diquark-antidiquark,
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quark exchange

Include mixing with qq:
𝜋𝜋 still dominant

System ‘wants’ to be
meson-meson-like
(no diagonal dq-dq term)

Similar results as in
4-body approach:
𝑚� ~ 400 MeV, etc.
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Heupel, GE, Fischer, PLB 718 (2012)

Santowsky, GE, Fischer, Wallbott,
Williams, PRD 102 (2020)
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Four-quark states

Heavy-light four-quark states:
what is their internal decomposition?

Four-quark BSE: all mix together

cqqc   →    ccqq   →    strong meson-meson 
component: DD* for 
X(3872), Zc(3900):  

diquarks also play role

diquark-
antidiquark

meson
molecule

hadro-
charmonium

c q
q

c

q

c

q

c

qc

q c

    cqqc   

Wallbott, GE, Fischer,  
PRD 100 (2019),
PRD 102 (2020)in X(3872)
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Glueballs

Compute all ingredients consistently:
no model input (only neglecting diagrams)

But: pure Yang-Mills theory (no quarks)

Coupled glueball–ghostball BSEs

Huber, Fischer, Sanchis-Alepuz,  2004.00415 [hep-ph]

Lattice:
Morningstar, Peardon,  PRD 60 (1999)
New: Athenodorou, Teper, 2007.06422

Meyers, Swanson, PRD 87 (2013)
Sanchis-Alepuz, Fischer, Kellermann, von Smekal, PRD 92 (2015)
Souza, Ferreira, Aguilar, Papavassiliou, Roberts, Xu,  EPJA 56 (2020)

=

=

=

+

+

= =+
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Hybrids

Two-body equation [quark–gluon]–antiquark
with model ansätze

Three-body equation (quark, antiquark, gluon)

Xu, Cui, Chang, Papavassiliou, Roberts,  EPJA 55 (2019)

Lattice:  Dudek, Edwards, Peardon, 
Richards, Thomas,  PRD 82 (2010)

=

=

... in progress

Gernot Eichmann (LIP Lisboa) Sept 30, 2020 14 / 15



The road ahead

Thank you!

Towards ab-initio calculations 
(include higher n-point functions)

Resonance properties

Four-quark states:

Hybrid mesons 

Exotic dibaryons ~ hexaquarks:
from quarks and gluons to nuclei

Exotic baryons ~ pentaquarks:
Meson-baryon interactions, admixture of 5q (...) components? 

GE, Fischer, Heupel, Santowsky, Wallbott, 2008.10240
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Backup slides

Tetraquark notes

Gernot Eichmann

Defining the momenta as in your notes, we have the
two momentum multiplets

SM =
4∑

i=1
pi = P , T +

M = 1
2




1√
3 (p + q + k)

1√
6 (p + q − 2k)

1√
2 (q − p)


 . (1)

Apart from the trivial singlet P 2, the resulting nine
Lorentz invariants are

S0 = T +
M · T +

M = 1
4 (p2 + q2 + k2) ,

D0 = T +
M ∗ T +

M = 1
4S0

[ √
3 (q2 − p2)

p2 + q2 − 2k2

]
,

T0 = T +
M ∨ T +

M = 1
4S0




2 (ω1 + ω2 + ω3)√
2 (ω1 + ω2 − 2ω3)√

6 (ω2 − ω1)


 , (2)

T1 = T +
M · SM = 1

4S0




2 (η1 + η2 + η3)√
2 (η1 + η2 − 2η3)√

6 (η2 − η1)


 ,

with

ω1 = q · k , ω2 = p · k , ω3 = p · q (3)

and

η1 = p · P̂ , η2 = q · P̂ , η3 = k · P̂ . (4)

We can express p2, q2, k2 in terms of the doublet vari-
ables:

p2 = 2
3 S0(2 + s −

√
3 a) ,

q2 = 2
3 S0(2 + s −

√
3 a) ,

k2 = 4
3 S0(1 − s) .

(5)

Now let’s express the ‘pole variables’ in terms of these.
Let’s say Z+ = (p1 + p2)2 and Z− = (p3 + p4)2. Then

Z± =
(

k ± P

2

)2
= k2 − M2

4 ± iMη3

= k2 − M2

4 ± iM
√

k2 z3 ,

(6)

where z3 = k̂ · P̂ ∈ (−1, 1). This is the usual parabola in
the complex k2 plane with apex −M2/4. That is, a pole
at Z± = −m2

π (or along the contour of the parabola with
apex −m2

π) leads to the condition

16
3 S0(1 − s) = M2 − 4m2

π (7)

and therefore.

s = 1 + 3
16S0

(4m2
π − M2) . (8)

So it looks like above threshold M > 4mπ we have indeed
the situation that the poles cross over into the spacelike
region (s < 1). However, below threshold this cannot
happen. (The same analysis would work for the remain-
ing poles with X+ = (p2 + p3)2, etc.)

• Since you see a similar behavior at large quark
masses, but at the opposite side of the triangle:
Could it be that the Maris-Tandy scalar diquark
simply comes out very low, i.e., that the diquark
mass bends down at large quark masses and crosses
the threshold? Can you calculate scalar diquarks
too? Might be good to know as a check.

• This is all very interesting. I found a similar condi-
tion for the baryon, although the interpretation as
two-body poles at the border of the triangle doesn’t
work in that case (because it’s S3, the triangle is
bounded by the three quark momenta).

Tetraquark notes

Gernot Eichmann

Defining the momenta as in your notes, we have the
two momentum multiplets

SM =
4∑

i=1
pi = P , T +

M = 1
2




1√
3 (p + q + k)

1√
6 (p + q − 2k)

1√
2 (q − p)


 . (1)

Apart from the trivial singlet P 2, the resulting nine
Lorentz invariants are

S0 = T +
M · T +

M = 1
4 (p2 + q2 + k2) ,

D0 = T +
M ∗ T +

M = 1
4S0

[ √
3 (q2 − p2)

p2 + q2 − 2k2

]
,

T0 = T +
M ∨ T +

M = 1
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
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with

ω1 = q · k , ω2 = p · k , ω3 = p · q (3)

and

η1 = p · P̂ , η2 = q · P̂ , η3 = k · P̂ . (4)

We can express p2, q2, k2 in terms of the doublet vari-
ables:

p2 = 2
3 S0(2 + s −

√
3 a) ,

q2 = 2
3 S0(2 + s −

√
3 a) ,

k2 = 4
3 S0(1 − s) .

(5)

Now let’s express the ‘pole variables’ in terms of these.
Let’s say Z+ = (p1 + p2)2 and Z− = (p3 + p4)2. Then

Z± =
(

k ± P

2

)2
= k2 − M2

4 ± iMη3

= k2 − M2

4 ± iM
√

k2 z3 ,

(6)

where z3 = k̂ · P̂ ∈ (−1, 1). This is the usual parabola in
the complex k2 plane with apex −M2/4. That is, a pole
at Z± = −m2

π (or along the contour of the parabola with
apex −m2

π) leads to the condition

16
3 S0(1 − s) = M2 − 4m2

π (7)

and therefore.

s = 1 + 3
16S0

(4m2
π − M2) . (8)

So it looks like above threshold M > 4mπ we have indeed
the situation that the poles cross over into the spacelike
region (s < 1). However, below threshold this cannot
happen. (The same analysis would work for the remain-
ing poles with X+ = (p2 + p3)2, etc.)

• Since you see a similar behavior at large quark
masses, but at the opposite side of the triangle:
Could it be that the Maris-Tandy scalar diquark
simply comes out very low, i.e., that the diquark
mass bends down at large quark masses and crosses
the threshold? Can you calculate scalar diquarks
too? Might be good to know as a check.

• This is all very interesting. I found a similar condi-
tion for the baryon, although the interpretation as
two-body poles at the border of the triangle doesn’t
work in that case (because it’s S3, the triangle is
bounded by the three quark momenta).
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Some thoughts

→

→

Without truncations, BSEs for qq, qqqq, qqg, ...
should produce same spectrum

With truncations, qq (qqqq, qqg, ... ) BSE 
should give more reliable spectrum for 
qq (qqqq, qqg, ... ) dominated states

Exotic quantum numbers not excluded
in principle (need gluon-rich kernel in qq BSE)

harder to include 
qqqq, qqg

harder to include 
qq components

Same spectral representation for all 
correlation functions that produce qq:

=

=

=
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Some thoughts

Why don’t we see exotic quantum numbers
in lattice calculations with qq operators?

Could test with gauge-fixed
lattice calculations: same spectrum?

= 0 for exotic 
   quantum nrs (?)

≠ 0 for exotic 
   quantum nrs

〈𝑞� 𝑞� 𝑞� 𝑞�〉   = 

〈(𝑞 𝛤𝑞)(𝑞 𝛤𝑞)〉   = 

gauge-dep. gauge-dep. gauge-dep.

gauge-inv. gauge-inv. gauge-inv.

gauge-inv.
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Exotic mesons

Several tetraquark candidates in charmonium spectrum:
X(3872), X(3915), Zc(3900), ....

Z states cannot be cc since they carry charge

Oldest tetraquark candidates: light scalar mesons

(3900)cZ

(4430)cZ

(3915)X

1cχch

∗D̄D

D̄D

∗D̄∗D

1D̄D

1D̄∗D
2
∗D̄∗D

Conventional
Exotic

3.0

0 1 1 0 1 2 ?

3.5

4.0

4.5

M [GeV]

cη

J/ψ

c
′η

′ψ
(3770)ψ

(4040)ψ

(4160)ψ
(4260)ψ
(4360)ψ
(4415)ψ

(4660)ψ

(3860)0cχ

(4020)X
(3930)2cχ

0cχ

2cχ

(4140)1cχ

(3872)1cχ

(4274)1cχ

Reviews:
Chen, Chen, Liu, Zhu, 
Phys. Rept. 639 (2016), 1601.02092

Lebed, Mitchell, Swanson
PPNP 93 (2017), 1610.04528

Esposito, Pilloni, Polosa,
Phys. Rept 668 (2017), 1611.07920

Guo, Hanhart, Meißner et al.,
Rev. Mod. Phys. 90 (2018), 1705.00141

Ali, Lange, Stone,
PPNP 97 (2017), 1706.00610

Olsen, Skwarnicki, Zieminska,
Rev. Mod. Phys. 90 (2019), 1708.04012

Liu, Chen, Chen, Liu, Zhu,
PPNP 107 (2019), 1903.11976

Brambilla, Eidelman, Hanhart et al.,
1907.07583
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Baryon spectroscopy

Solution of nucleon’s covariant 3-body Faddeev equation
GE, Alkofer, Nicmorus, Krassnigg, PRL 104 (2010)

Calculate all ingredients in rainbow-ladder:
can compare quark-diquark and 3-body directly 
GE, Krassnigg, Schwinzerl, Alkofer, Ann. Phys. 323 (2008)

Simpler: quark-diquark Faddeev equation
Oettel et al., PRC 58 (1998), Cloet et al., FBS 46 (2009), Chen et al., PRD 97 (2018)

rainbow-ladder:

+  ++

++= +

q

q

q

q

q

q

Ping-pong exchange
between quark and diquark

. . .

𝛼 (𝑘  )2
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Baryon spectroscopy

Solution of nucleon’s covariant 3-body Faddeev equation
GE, Alkofer, Nicmorus, Krassnigg, PRL 104 (2010)

Similar results in quark-diquark description
GE, Fischer, Sanchis-Alepuz,  PRD 94 (2016)

rainbow-ladder:

+

2
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2
1 +

2
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2
1−

2
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2
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2
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2
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2.0
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1.0

M [GeV]

2.0
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1.4

1.2
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q-dq

PDG ***
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+  ++
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qqq
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Baryon form factors

Nucleon em. form factors from three-quark equation  
GE,  PRD 84 (2011)

similar: 𝑁 → 𝛥𝛾 transition,
axial & pseudoscalar FFs,
octet & decuplet em. FFs
Review:  GE,  Sanchis-Alepuz, Williams, 
Fischer, Alkofer, PPNP 91 (2016), 1606.09602

“Quark core without pion cloud”

Large 

Electric proton form factor 
at large momenta  Eichmann,  PRD 84 (2011)

Difference likely due to
two-photon corrections

Rosenbluth method suggested 
/  = const., in agreement 

with perturbative scaling

Polarization experiments at JLAB 
showed falloff in / , 
with possible zero crossing 

Faddeev result consistent with data:
OAM in nucleon amplitude

Underway: investigate two-photon effects
via Compton scattering amplitude

Guichon, Vanderhaeghen, PRL 91 (2003) 
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Structure of the amplitude

Tetraquark notes

Gernot Eichmann

Defining the momenta as in your notes, we have the
two momentum multiplets

SM =
4∑

i=1
pi = P , T +

M = 1
2




1√
3 (p + q + k)

1√
6 (p + q − 2k)

1√
2 (q − p)


 . (1)

Apart from the trivial singlet P 2, the resulting nine
Lorentz invariants are

S0 = T +
M · T +

M = 1
4 (p2 + q2 + k2) ,

D0 = T +
M ∗ T +

M = 1
4S0

[ √
3 (q2 − p2)

p2 + q2 − 2k2

]
,

T0 = T +
M ∨ T +

M = 1
4S0




2 (ω1 + ω2 + ω3)√
2 (ω1 + ω2 − 2ω3)√

6 (ω2 − ω1)


 , (2)

T1 = T +
M · SM = 1

4S0




2 (η1 + η2 + η3)√
2 (η1 + η2 − 2η3)√

6 (η2 − η1)


 ,

with

ω1 = q · k , ω2 = p · k , ω3 = p · q (3)

and

η1 = p · P̂ , η2 = q · P̂ , η3 = k · P̂ . (4)

We can express p2, q2, k2 in terms of the doublet vari-
ables:

p2 = 2
3 S0(2 + s −

√
3 a) ,

q2 = 2
3 S0(2 + s −

√
3 a) ,

k2 = 4
3 S0(1 − s) .

(5)

Now let’s express the ‘pole variables’ in terms of these.
Let’s say Z+ = (p1 + p2)2 and Z− = (p3 + p4)2. Then

Z± =
(

k ± P

2

)2
= k2 − M2

4 ± iMη3

= k2 − M2

4 ± iM
√

k2 z3 ,

(6)

where z3 = k̂ · P̂ ∈ (−1, 1). This is the usual parabola in
the complex k2 plane with apex −M2/4. That is, a pole
at Z± = −m2

π (or along the contour of the parabola with
apex −m2

π) leads to the condition

16
3 S0(1 − s) = M2 − 4m2

π (7)

and therefore.

s = 1 + 3
16S0

(4m2
π − M2) . (8)

So it looks like above threshold M > 4mπ we have indeed
the situation that the poles cross over into the spacelike
region (s < 1). However, below threshold this cannot
happen. (The same analysis would work for the remain-
ing poles with X+ = (p2 + p3)2, etc.)

• Since you see a similar behavior at large quark
masses, but at the opposite side of the triangle:
Could it be that the Maris-Tandy scalar diquark
simply comes out very low, i.e., that the diquark
mass bends down at large quark masses and crosses
the threshold? Can you calculate scalar diquarks
too? Might be good to know as a check.

• This is all very interesting. I found a similar condi-
tion for the baryon, although the interpretation as
two-body poles at the border of the triangle doesn’t
work in that case (because it’s S3, the triangle is
bounded by the three quark momenta).
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two momentum multiplets
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π) leads to the condition

16
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π (7)

and therefore.

s = 1 + 3
16S0

(4m2
π − M2) . (8)

So it looks like above threshold M > 4mπ we have indeed
the situation that the poles cross over into the spacelike
region (s < 1). However, below threshold this cannot
happen. (The same analysis would work for the remain-
ing poles with X+ = (p2 + p3)2, etc.)

• Since you see a similar behavior at large quark
masses, but at the opposite side of the triangle:
Could it be that the Maris-Tandy scalar diquark
simply comes out very low, i.e., that the diquark
mass bends down at large quark masses and crosses
the threshold? Can you calculate scalar diquarks
too? Might be good to know as a check.

• This is all very interesting. I found a similar condi-
tion for the baryon, although the interpretation as
two-body poles at the border of the triangle doesn’t
work in that case (because it’s S3, the triangle is
bounded by the three quark momenta).
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the complex k2 plane with apex −M2/4. That is, a pole
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π (or along the contour of the parabola with
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π) leads to the condition

16
3 S0(1 − s) = M2 − 4m2

π (7)

and therefore.

s = 1 + 3
16S0

(4m2
π − M2) . (8)

So it looks like above threshold M > 4mπ we have indeed
the situation that the poles cross over into the spacelike
region (s < 1). However, below threshold this cannot
happen. (The same analysis would work for the remain-
ing poles with X+ = (p2 + p3)2, etc.)

• Since you see a similar behavior at large quark
masses, but at the opposite side of the triangle:
Could it be that the Maris-Tandy scalar diquark
simply comes out very low, i.e., that the diquark
mass bends down at large quark masses and crosses
the threshold? Can you calculate scalar diquarks
too? Might be good to know as a check.

• This is all very interesting. I found a similar condi-
tion for the baryon, although the interpretation as
two-body poles at the border of the triangle doesn’t
work in that case (because it’s S3, the triangle is
bounded by the three quark momenta).
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Now let’s express the ‘pole variables’ in terms of these.
Let’s say Z+ = (p1 + p2)2 and Z− = (p3 + p4)2. Then
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(

k ± P
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)2
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4 ± iM
√

k2 z3 ,

(6)

where z3 = k̂ · P̂ ∈ (−1, 1). This is the usual parabola in
the complex k2 plane with apex −M2/4. That is, a pole
at Z± = −m2

π (or along the contour of the parabola with
apex −m2

π) leads to the condition

16
3 S0(1 − s) = M2 − 4m2

π (7)

and therefore.

s = 1 + 3
16S0

(4m2
π − M2) . (8)

So it looks like above threshold M > 4mπ we have indeed
the situation that the poles cross over into the spacelike
region (s < 1). However, below threshold this cannot
happen. (The same analysis would work for the remain-
ing poles with X+ = (p2 + p3)2, etc.)

• Since you see a similar behavior at large quark
masses, but at the opposite side of the triangle:
Could it be that the Maris-Tandy scalar diquark
simply comes out very low, i.e., that the diquark
mass bends down at large quark masses and crosses
the threshold? Can you calculate scalar diquarks
too? Might be good to know as a check.

• This is all very interesting. I found a similar condi-
tion for the baryon, although the interpretation as
two-body poles at the border of the triangle doesn’t
work in that case (because it’s S3, the triangle is
bounded by the three quark momenta).
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𝑠

= 02q

= 02k

= 02p

=2q 2k=2p

Doublet: 

Singlet: symmetric variable,
carries overall scale:

Mandelstam triangle, 
outside: meson and diquark poles!

Lorentz invariants can be grouped into
multiplets of the permutation group S4:
GE, Fischer, Heupel,  PRD 92 (2015)
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Apart from the trivial singlet P 2, the resulting nine
Lorentz invariants are

S0 = T +
M · T +

M = 1
4 (p2 + q2 + k2) ,

D0 = T +
M ∗ T +

M = 1
4S0

[ √
3 (q2 − p2)

p2 + q2 − 2k2

]
,

T0 = T +
M ∨ T +

M = 1
4S0


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2 (ω1 + ω2 + ω3)√
2 (ω1 + ω2 − 2ω3)√

6 (ω2 − ω1)


 , (2)

T1 = T +
M · SM = 1

4S0


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2 (η1 + η2 + η3)√
2 (η1 + η2 − 2η3)√

6 (η2 − η1)


 ,

with

ω1 = q · k , ω2 = p · k , ω3 = p · q (3)

and

η1 = p · P̂ , η2 = q · P̂ , η3 = k · P̂ . (4)

We can express p2, q2, k2 in terms of the doublet vari-
ables:

p2 = 2
3 S0(2 + s −

√
3 a) ,

q2 = 2
3 S0(2 + s −

√
3 a) ,

k2 = 4
3 S0(1 − s) .

(5)

Now let’s express the ‘pole variables’ in terms of these.
Let’s say Z+ = (p1 + p2)2 and Z− = (p3 + p4)2. Then

Z± =
(

k ± P

2

)2
= k2 − M2

4 ± iMη3

= k2 − M2

4 ± iM
√

k2 z3 ,

(6)

where z3 = k̂ · P̂ ∈ (−1, 1). This is the usual parabola in
the complex k2 plane with apex −M2/4. That is, a pole
at Z± = −m2

π (or along the contour of the parabola with
apex −m2

π) leads to the condition

16
3 S0(1 − s) = M2 − 4m2

π (7)

and therefore.

s = 1 + 3
16S0

(4m2
π − M2) . (8)

So it looks like above threshold M > 4mπ we have indeed
the situation that the poles cross over into the spacelike
region (s < 1). However, below threshold this cannot
happen. (The same analysis would work for the remain-
ing poles with X+ = (p2 + p3)2, etc.)

• Since you see a similar behavior at large quark
masses, but at the opposite side of the triangle:
Could it be that the Maris-Tandy scalar diquark
simply comes out very low, i.e., that the diquark
mass bends down at large quark masses and crosses
the threshold? Can you calculate scalar diquarks
too? Might be good to know as a check.

• This is all very interesting. I found a similar condi-
tion for the baryon, although the interpretation as
two-body poles at the border of the triangle doesn’t
work in that case (because it’s S3, the triangle is
bounded by the three quark momenta).
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Nucleons in nuclei

Transition from quarks & gluons to light nuclei:

Relativistic structure of deuteron 

Exotic dibaryons and hypernuclei

Short-range correlations

EMC effect: overlapping nucleons in nuclei?

Constrain 
phenomenological
potentials?

short distance
pion 

exchange

Microscopic origins of short-range nuclear force?

Weise, Nucl. Phys. A805 (2008)
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Bound states & resonances
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BSE Eigenvalues

) )

still valid for 
complex poles:

can detect
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PRD 93 (2016)

GE, Sanchis-Alepuz, Williams,
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Fischer, Kubrak, Williams,  EPJ A 51 (2015)

GE, Fischer, Weil, Williams,  
PLB 774 (2017)

Mesons

Pion is Goldstone 
boson: 𝑚�� ~ 𝑚�

Light meson spectrum beyond rainbow-ladder
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Bound-state equations

Bethe-Salpeter equation for baryons:
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DSE / BSE / Faddeev landscape
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Strange baryons
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Strange baryons
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Nucleon em. form factors

Nucleon magnetic moments: 
isovector (p-n), isoscalar (p+n)

!!
But: pion-cloud cancels in 𝜅�  ⟺ quark core 

       Exp:    𝜅� = –0.12   
Calc:   𝜅� = –0.12(1)

Nucleon charge radii: 
isovector (p-n) Dirac (F1) radius

Pion-cloud effects missing 
(⇒ divergence!), agreement with 
lattice at larger quark masses. GE,  PRD 84 (2011)
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Resonances?

Lattice QCD:

Infinite volume:  
Bound states, resonances, 
branch cuts

Finite volume: 
bound states & scattering states

Re

Im

2P

2P

N(940)

N(1440)

N(1710)
N(1880)

)2P(G

Re

Im 2P

N(940)

2P

=⟨ . . . ⟩ S−e]ψ,A¯ψ,[D
∫

]ψ,A¯ψ,[ ( . . . )  

energy levels
in finite box

vary volume,
Luescher method
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Resonances?

In terms of quarks and gluons?

Resonances by meson-baryon interactions: 

Bound states:

Re

Im

2P

2P

N(940)

N(1440)

N(1710)
N(1880)

)2P(G

Re

Im

2P

2P

N(940)N(1440)N(1710)N(1880) + + ...+

𝑇

𝑇
+ + ...

Both bound states and resonances
must be generated from quark-gluon structure!

Analogue for 𝜌 → 𝜋𝜋:
Williams,  1804.11161 [hep-ph],
Miramontes, Sanchis-Alepuz, 
1906.06227 [hep-ph]

𝜋

𝑁
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